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Abstract
Some proeperties of the subclasses of SE (4, B)and kf (4, B) of p-valent analytic functionswith negative

coefficients by using the nth order Rushceweyh derivatives have been studied.

I. INTRODUCTION
Let B(p) denote the class of functions.
fz)=ap 22+ Y, @,z"  ap>0an=0, p=1,
m=p+1
which are regular in the open unit disc E= {z :|z|<1}.
Let
get (z) =bpzP + Z mem by>0,bn>0,p>1,
m=p+1

belong to the class B(p). The Hadamard Product or convolution product. Which is denoted by *, of two
functions f(z) and g(z) is defined by

(f*g)@=ab?+ D a,b,z", z€E

m=p+l1

For f € B (p), define

D f(z) = *f(2)

P
(1 _ Z)a+9
Where a is an integer greater than or equal to — p

Then

2(2"f(z)) (0P
(n+ p-D)!

Dn+p_1f(Z) _

This definition is due to Ming-Po Chen and Th-Ren-Lan [4].

When p = 1, Ruscheweyh [8] observed that.
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2(2" 'f(z))™

D (z) = |
n!

Where # € N] U{o}, N] set of natural numbers.

Let T be the subclass of B(p) consisting functions of the form

0

f=a2 - Y a,z', a,20,a,>0, p=l

m~p?
m=p+l1

regular in the open unit disc E = {z: |z|<l}.

Let us define the quasi — Hadamard product of two functions f(z) and g(z) in the class T by

o0

(fg)@)=ab,z" = ab,z"

m=p+1

Where g(z)= b,z" - i b,z",b,>20, p=1.

m=p+l1

In similar way K.Vinod Kumar [11] defined the quasi — Hadamard product of more than two functions.

Let S§ A,B)denote the class of functions f €T such that

D" f(z)  1+A4Awmz)

1+ Aw(z)
D" r @) PlsBwz)’

1+ Bw(z)’

—-1<4 <B<1, - p

Where we H = {w(=z) analytic, with w(o) = o and |w(z)|<1,z € E}.

Let K”(A,B) denote the class of functions f € T such that

7D gr(a,B).
P

For a given real number zg (zo #0, -1 <z¢<1), let T and T, be the

subclasses of T satisfying f (zo) = z’and f\(z,) = pz’~" respectively. Let S!(z,), K{(z,)
and K (z,)be the subclasses of T defined as SF(z,)=S’(A,B)NT,
K/ (z,)=K!(A,B)NT,1=1,2.

Now we study the necessary and sufficient condition for functions

to be in SIP (A,B),KP(A,B) and SIP (zo) and Klp (z,)»

1=1, 2. We determine radius of convexity for the classes Sf (z,),1=1,2. Also closure theorems are proved for

these subclasses.
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If we give particular values to p, A, B, and Z, we get the results obtained by silverman [9, 10], Gupta
and Jain [2, 3], Owa [5], K.S.Padmanabhan and R.Manjini [6, 7] and G.Ashok Kumar and G.L.Reddy [1].

II. COEFFICIENT INEQUALITIES

We now introduce the following notation for brevity.

_)1 N
Am,n: (m+n+p 2) SOthatAp,n:M
(n+p)!(m—1)! (n+p)!(p-1)!

Bm, n=p> + (n-1)p - m —n+1 so that B, » = P> +(n-2) p-n+1)
D, » = B(m+n+p-1) - Ap(n+p) so that Dy, , = B(n+2p-1) - Ap(nt+p)

Cm,n =Dmn—Bmasothat Cp s =Dy n -Bpn

m—
En= Am,n Cm,n - Ap,n Cp,n ZO P .

Theorem 2.1 - A function fizz € T is in S'(A,B) if and only if

(0.0)
m:ZI:) +1amAm,nCm,n < Ap,ncp,nap where n e N] U{O} and ..

_1< A <B@+2Zp=D) 4
(n+p)p

Proof: Suppose fESnp (A,B) Then

D"'P f(z) _ pl+Am(z)
phtp-l 1(2) 1+ Bw(z)’

-1 < A4 .,<B<Ll,w(z) eH, z€E.

From this we get

pD™ P p(2) - DMP (2
BD"™P f(z)-ApD" P71 f(2)

w(z)=

and | w(z)| <1 implies that

(PP -0 P r )
BD"P f(2)-ApD"™ P71 (2)

Iw(z)|

Therefore
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P 00
ApaananapZ - _Z lAm an’l’l = m
W) = | b iz m=p | <1
Ap,nZpnp? — 5 Ay Dy 2™
m=p+1
Or
o0 m—
Apaananap - Z lA Bm’n m P
Re m_oé9+ o <1l .3
A N p,n p— > A Dm’nm p
m=p+l

Consider the real values of zand z = r for O < r < 1. Then for r = 0, the denominator of (2.3) is positive

provided that.

<« B+2p=D — for all r with 0

-I< A
(n+p)p
Then inequality

< — <, since *(z) analytic in |z| <1.

(2.3)
m—1 _
Z AmnPmn—Bmnlem! < Apn(Dpn=Bpn)
—p+1
Letting |, we get (2.1).
B(n+2p-1
Conversely, suppose f € T and satisfies (2.1). for [z/ =r,0< r<l and -1 <A < ( P= ) <
(n+p)p
1. We have (2.4) by (2. 1) Since r™! < 1. So we have.
m-1 m-1
Ap an ndp ~ Z Am an,namZ | < Ap,n’ Bp,nap Z An an n €m Z |
_p+1 —p+1
< Ap,n Dp,n Ap - ApyD ml<|AD - A D m-l
p,n Up,t Ap Z m,n“m,ndm’ =] Ap,nPp,nip> Z m,n“m,n?m?%

m=p+l
Which gives (2.2) and hence follows that.

D" Pr(z)

_ 1+Aw(2)

Dn+p—1f 2)

Which implies that f € Sg (A,B).

~ 1+Bw(z)’

m=p-+1

B(n+2p-1) _ 1

-1 <A<
(n+p)p

weH, zeE,

Remark The result is not true for the general class Sg (A, B)

Where -1 < A<B < 1. However we have proved it only for a restricted class of it.
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Corollary 2.1 —A function f(z) € T is in S’ (A, B).

(n+2p-1)
(n+p)p

-1<A<B

Sl,then

am < Ap’nCp’nap , m2>p+l.
Am,ncm,n

Proof is direct consequence of theorem 2.1.

Theorem 2.2 — A function f(z) € T is in K? (A, B). if and only if

m
00 A nCinnd B
n+2p-1
5 pm’n TR <aand-1<A< ((n+ 1)’ )<l s
m:p-|-] Ap,ncp,n p)p
Proof follows by the definition of Kp (A, B) and theorem 2.1.
n
Corollary 2.2 — A function f(z) € T is in Kp (A, B),
n

B(n+2p-1) _ PAp nCp.nt

_1<4 <Bnt2p-l) 5’” g’” P m> p+l.
(n+p)p mAy nCm,n
Proof is obvious by theorem 2.2.
P
Theorem 2.3 - A function f(z) € T; is in Sl (ZO ) if and only if
§ Lmm <1

A C - 2.6

m=p+l “p,n- p,n
P
Proof. Let f(z) € T is in Sl (ZO) . Then z, be a fixed real number such
P RS m
ta —1<Zo<land z, #0, f(z,) —apzZy — X ApZp
m=p+l1
(0.0)

_ m—p P

We have ap =1+ Z mZo since we have taken f(z,) = 20
m=p+1
P P
By definition of Sl (ZO)We have f < Sn (A’ B)’ theref ore by
0.0]
S a,z P
Theorem 2.1 and using the fact that a, = 1 + m=o ? we get
m=p+l1

DOI: 10.35629/4767-13053749 www.ijmsi.org 41 | Page



D — Valent Class of Functions with Ruscheweyh Derivatives —I1

S dnpCp <Ay, Co (15 5 ayzyP)

m=p-+1 m=p-+1
S (4,,C A C <4 C
1.8. m:%ﬂ( mn=m,n, " p,n p,n) Yy = p.n_p,n
& imﬁm < 1.
1.9. A

m:p—|—1 p,n Cp,n

Conversely, Suppose that f(z) € T; And function satisfies the eqn. (2.6.)

o0
p m-1_ , _
By the relation f(z,) = ZO , we get Z am ZO a P 1
m=p+1
Substituting for (ap-1) in (2.6) we get (2.1) therefore it
P
Belongs to the classes S”l (A’ B) and by hypothesis f € T; . Hence

feSFABNT, = SP(z,)

A4, ,C

11— PN
Corollary 2.3 - if fESlp(Zo) then 4 < LEmL’ Jor m =2 p+l1
Am,nCm,an _Ap,ncp,an

With extremal function f(z) = Em ?

m 2 p+l

Proof follows from theorem 2.3.

o S €T Klp (z,)

Theorem 2.4- | Then f€ fin and only if

m m—p
0 pAm’n Cm,n—Ap,nCp,I’lZ (0] 4
<1
> o b am <1,
m=p+l1 PN~ P, N

Proof follows as in theorem 2.2.

p
Theorem 2.5 — let f € T2 Then f < S2 (ZO) if and only if

Am,ncm,n —’ZE m?" Py

S

<
m=p+1 rl(n—r)! }am— L .27

p
Proof': Let f € S2 (ZO)' Tehn for fixed real number Z, such that
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0.0]
—1
l<z,< Zo) = papzo®! - Z ma Zm * since
Zo#0,-1<2,<1,f (2) = payze Ml m=o
1 o0 .
&0_% = 1’ we have a, =1+ Z mam 0m p fE Sf(ZO) lmplles
ng " m=p+l P

P
That f < Sn (A’ B) and so theorem 2.1 holds for f and hence by
Substituting the value of a, in (2.1) we get (2.7).

Conversely, let f < T2 and (2.7) hold. Since.
0.0)
p-1 m m-p _, _
£ (Zo) = Pz we have Z p Amzo d P L. substituting
m=p+1
% m, _m-p
mZo in (2.7), we get (2.1) from which
m=p+1 P

we conclude that f < Siglj (A’B) by theorem 2.1. hence f < Szp (ZO) .

the value of

f < Kp (Z ) if and only if
© mkE,,

3 <1.
m=p+1 pAp,nCp,

Theorem 2.6 Let f E

Proof follows as in theorem 2.5.

3. THE RADIUS OF p-VALENT CONVEXITY

P
OF THE CLASSES S (z5), 1=1,2.
Theorem 3.1 -LetfeT' %ffESIID(ZO) or Sg(ZO)’ thenf LS

p-valently convex in the disc |z|<r where

1nf [ m n m n ]1/(m_p)

m2A_ C
p.n p.n
The bound is sharp.

Proof : To prove the theorem, it is sufficient to show that

1716

, < or |z| <r,zeE.
Ti(z) —PI=pJor |z

Now we have
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_ <2 _ m—1
' . = Y m(m-p)a,:z
|(1:P)f (2) =zf""(2) =| m=p+1 |
' - o0 .
f (Z) papzp 1 — Z mamzm—l
m=p+1
(X) —
> m-pay,|z["P
< m=p+l
- S m m—p
a,= Y “—a,|z|
P m=p+1 P "
Consider the values of z for which
. A, ,,C
f m,n~m,n \1/(m—
1z| <0 L my2 Apncpn} (m—p)
A, ,,C
So that |Z\m—p£ Am nCm " (p/m)2 hOZdS-
p,n—p,n
o0 _ 00 24, ,,C
Then Z (m/p)am|z|m p < Z (m/p)(p/m) Amncmnam
m=p+1 m=p+1 D= p,n
0 o0 P4, .C
ow 2 (m/p)a |Z|m_pSa provided Y mAa=mn , -4 .
A m=p+1 " P m=p+1 MAp nCpn mep
00 A, C 00
ich holds 1 Z LTl mna <a =1+ Z a ZWl—p
Which hold fm=p+l Ap,ncp,n m p mep+1 m“,
© Emam
This is equivalent to A C > which is true by

m=p+1 p.n—p,n

Theorem 2.2 or theorem 2.4. Hence we can rewrite the denominator of the right hand side of inequality (3.1) for
considered values of z, using the fact that

0 _
> ¥ (m/pa, ZMP
m=p+1

4p

Thus
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=P '@+ o (m/p)(ngo—p)amIZIm_p <y if
'@ miplay= 5 gz
m=p+l1

0 _ 0 _
> m(m—p)am|z|m p szapz > pmam|z|m P 3.2
m=p+l1 m=p+l1

if f eSlp (zo),(3.2)is equivalent to

e8] o0
m-—p — m—p
z a,|lz[""<a,=1+ Z a,z

m=p+l1 m=p+1
That is
2 / 2|, m—p m-—p <1
m—Z[:)+l((m p) |z —Z) )am = ... (3.3)
Again if f eSg (zo), (3.2)is equivalent to
S / 21, m—=p / m—p <1
m_ZpH((m p)°|z| —(m/p)z, )a, < (34

fESlp (ZO) if and only if

In view of theorem 2.2

o A, ,C _
D (Am nCm,n_Zlon p)amSI

m=p+1 p.n—p,n

Hence inequality (3.3) is true if

_ C _
w2 - Zo' P z%cm’” -z P for all m> p+1
p.n pn

That is, if

1/(m—p)
for allm>

A, C

m,n
((p/my* =" %)
Ap’nCp’n

|z]<
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Again in view of theorem 2.4, f € Szp (ZO) l]( and Ol’lly l](

0 [ Ay nCinn —p <1
> 1. C ZO Ay <
m=p+1{ “p,n*p,n P

Inequality (3.4) is true if

Ay 1 C
(m/ p)?|z[""P —(m/ p)z P < 4C " —(m/ p)z) P, forall m> p+1
p.n-p.n
Then result is sharp with the extremal function
Ay 1 Coi n A e
(@)= [T
p.n-—p.,n

Remark : The conclusion of theorem 3.1 is independent of the point Z,.

IV. CLOSURE THEOREMS

In this section we prove that the classes Slp (Z 0 ) and Klp (Z 0 ) , 1= 11,2 are closed under convex linear

combination and also show that the functions of these classes can be expressed in a particular form.
Theorem 4.1 — The class Slp (Z 0 ) is closed under convex linear combination.

o0
Proof : Let the functions f(z) = a,zP - Z a

Zm, (amZO,a >0)andg(z)=bpzp-
m=p+1

pP

Z b Z ) (bm > o, bp > 0) be any two functions of the class Slp (ZO ) .For A Such
m=p+l1

that 0<A L1 , it suffices to show that h(z) = (1 - l)f(Z) + lg(Z), zZe E, is also a function of
Slp (20).

Now

o0
h(z) = ((l—ﬂ)ap =/pr)zp - 3 ((l—i)am +/1bm)zm
m=p+1

Applying theorem 2.3 to f,g € Slp (ZO)’ we have
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0 o0 0.0)
S E((1-A)ay,+b,=(1-2) > Egpa, +4 Y Eyb,

m=p+1 m=p+l m=p+1
< =D ApnCpn *AApnCpn=ApnCpn

ssone= (1=2) f(z,)+Ag(z, ) =(=A)zP + A zP = =P
Which implies that h is in T;. Hence by theorem 2.3 h belongs to Slp (Z 0 ) .

Theorem 4.2 - S 5 (Z 0 ) is closed under convex linear combination.
Proof follows as in theorem 4.1.

Theorem 4.3 - Klp (Z 0 ) ,1=1,2, are closed under convex linear combination.

4 m
Am,ncm,nz o Ap,ncp,nz

Epy

Theorem 4.4 —Define fj,(z) = ZP and fi, (z) =

m2p+l.

o0
Then [ eSlp (z,) ifandonlyiffis of the form fiz) = > Ay f10(2).
m=p+1

zeEwhereA >0 form=>pand § A =1
m m=p m

o0 o0
roof : Suppose 1(z) = /1 =ﬂy + ﬁ
Proof:  Suppose f(2) mZ:)p mIm(2 =4,/ (2) m:%?ﬂ mSm(2)

Am,ncm,nzp B Ap,ncp,nzm

Ep

"m

p 5
=A,z,+
PP p+l

A4, . C o A C, .
=(A,+ § mg myp_ 5 ZPEIRR o
m=p+l  m m=p+1 £,

Since lp > O
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Further fin(zo) = V4 (‘)D . Therefore

f(zo) = m;p@nfm(ZO):mZ:lpﬂmZg 74 m;pﬂmzzg

This proves that f €7 Hence by Theorem 2.3, f S Slp (ZO).

1

o0 —
Conversely, Let f S SIZ? (ZO) thena, =1+ Z angi p

m=p+l1
W T— s piland g, = 2 AmaCmn
Setting A, = Ap,n Cp,n Qs m2 p+land A, = :Z]:? | Y C ay,

We note that A 4 >0 by theorem 2.1. Now we have.

f(2) = ay2- z a2 =1, P+ z ﬂm(l+(zm P_""Py(a,, | A,))zF

m=p+1 m=p+1
w AmnC _p=ApnCp,
Sy > m,n
14 _ E
m=p+1 m

SRR Fnfn2) = S S (2).
m=p+1 m=p

Hence the theorem.
We can prove the following results in a similar manner.

Theorem 4.5 — Define f,(z) = zP and

A C -A C

m,n p Dp,n m

_ m,nZ P.n >
S =g Zmip)d C > m 2 prl.
mmn  m,n p,n m—=p

p.n©

0
Then f € Sé? (z,,))ifand only if tis of the form f(z) = m;pﬂm Sm(2).
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Z e Ewhere 4, >0 for m=p and % Ay =L
m=p

Theorem 4.6 - Define f,(z) = zP and

mAm,nCm an -p4 ,ncp,nzm
S, (@)= ’ ,m> p+1,p=>1.
m mAm,nCm,n — pA a”cp,ngi_p

Then ek P Z  )if and only if fis of the form
1 o Y

o0 o0
z) = ) A=Y h >0 > d =1].
f(2) m;p Antm(2), Z € E where 4, form>p an m;p/im

Theorem 4.7 — Define fj(z) = zP and

Am’nC , —(p/m)Ap,nC

z z
m,n p,n

E

m

fin(z) = ,m> p+1, p>1.

Then f € Kéj (2,) if and only if fis of the form

f(z) = § A f (2),zeE where A >0 for m > p and § A =l.
m=p m’ m m m=p m
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